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Abstract 

The notion of non-degenerate solutions for the dispersionless Toda 
hierarchy is generahzed to the universal Whitham hierarchy of genus 
zero with M + 1 marked points. These solutions are characterized by a 
Riemann-Hilbert problem (generalized string equations) with respect 
to two-dimensional canonical transformations, and may be thought of 
as a kind of general solutions of the hierarchy. The Riemann-Hilbert 
problem contains M arbitrary functions Ha{zo,Za), a = 1,...,M, 
which play the role of generating functions of two-dimensional canon- 
ical transformations. The solution of the Riemann-Hilbert problem is 
described by period maps on the space of (M + l)-tuples {za{p) : a = 
0, 1, ... , M) of conformal maps from M disks of the Riemann sphere 
and their complements to the Riemann sphere. The period maps are 
defined by an infinite number of contour integrals that generalize the 
notion of harmonic moments. The i^-function (free energy) of these 
solutions is also shown to have a contour integral representation. 
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1 Introduction 



The universal Whitham hierarchy is a unified framework for various dis- 
persionless integrable systems and Whitham modulation equations [3]. In 
particular, the hierarchy of genus zero, which is the subject of this paper, 
is a natural generalization of the dispersionless KP and Toda hierarchies 
[5]. Therefore it is natural to ask to what extent the rich contents of the 
dispersionless KP and Toda hierarchies can be generalized to the hierarchy 
of genus zero. 

This issue has been sought for since the turn of the century when the 
study of dispersionlss integrable systems entered a new stage. As regards 
the problem of special solutions, the classical "hodograph method" has been 
generalized [Hdl] to obtain a class of solutions including Krichever's "alge- 
braic orbits" [1] . Another class of special solutions (also related to algebraic 
orbits) have been studied in the context of the Virasoro constraints |5l [6] 
and the large- A'^ limit of multiple orthogonal polynomials [7] . It should be 
stressed that the structure of infinitesimal additional symmetries (including 
the Virasoro symmetries) was fully elucidated by the work of the Madrid 
group [5ll6]. As in the case of the dispersionless KP and Toda hierarchies [9j, 
those symmetries are derived from a "nonlinear" Riemann-Hilbert problem 
(or an equivalent d problem [21 E]) with respect to two-dimensional canonical 
transformations. As regards the Riemann-Hilbert problem itself, however, 
no effective method for finding an explicit form of solutions is known apart 
from very special cases; one has to resort to a genuine existence theorem 
(though it is enough for deriving the infinitesimal symmetries). Moreover, 
the F- function (free energy), also known as the dispersionless (logarithm of) 
tau function, has to be treated separately in this approach. 

Recently, one of the present authors reformulated the Riemann-Hilbert 
problem for the dispersionless Toda hierarchy in a slightly different form, 
and introduced the notion of "non-degenerate solutions" for which a more 
effective description is available (13]. A central idea of this result stems 
from the work of Wiegmann and Zabrodin [14J on an integrable structure 
of univalent conformal maps in Riemann's mapping theorem. They used 
the harmonic moments of the domain to interpret the conformal maps as 
a special solution of the dispersionless Toda hierarchy. This result can be 
generalized to pairs of conformal maps [12]. The harmonic moments are 
redefined therein as contour integrals that include the conformal map (or 
the pair of conformal maps) , and shown to give a system of local coordinates 
on the space of pairs of conformal maps. Actually, this amounts to solving 
a Riemann-Hilbert problem (or "string equations") in a special case 
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The method of harmonic moments were generahzed later by Zabrodin to a 
larger class of solutions of the dispersionless Toda hierarchy [15]. The notion 
of non-degenerate solutions is a rigorous reformulation of those solutions, 
which thereby turn out to be a kind of general (or generic) solutions of the 
dispersionless Toda hierarchy. The goal of this paper is to generalize these 
results [13] to the universal Whitham hierarchy of genus zero. 

Let us briefly recall the notion of non-degenerate solutions of the disper- 
sionless Toda hierarchy. Those solutions are characterized by a Riemann- 
Hilbert problem of the following form: Let H{z, z) be a holomorphic func- 
tion of two variables defined in a suitable domain (not specified here), 
and Hz(z,z) and Hz{z,z) denote the derivatives Hz{z,z) = dH{z, z)/dz, 
Hz{z,z) = dH{z,z)/dz. Moreover, suppose that H{z,z) satisfies the non- 
degeneracy condition 

H,',{z,2)^0. 

The problem is to find four functions C{P), ^A{P), C{P), A4{P) of a complex 
variable P with the following properties: 

(i) C{P) and Ai(P) are holomorphic functions in the punctured disk 1 < 
|P| < oo, C{P) being univalent therein, and have a Laurent expansion 
of the form 

oo 

C{P)=P + Y,UnP-''^\ 
n=l 

oo oo 

M{P) = ntnC{Pr + to + Y. ^nC{PT. 

n=X n=l 

(ii) C{P)~^ and M.{P) are holomorphic functions in the punctured disk 
< |P| < 1, C{P) being univalent therein, and have a Laurent expan- 
sion of the form 

oo 

C{P)-^ = Y,UnP''-^ (no/0), 

n=0 

oo oo 

M{P) = -Y. ^t-nCiP)-'' +t0-Y. ^-n^{PT- 
n=l 71=1 

(iii) These functions can be analytically continued to a neighborhood of the 
unit circle |P| = 1 and satisfy the functional equations (generalized 
string equations) 

M{P) = C{P)H,{C{P),C{P)), M{P) = -C{P)H,{C{P),C{P)) (1) 
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therein. 



If the equations 



w = zHz{z, z), w 



zH-z{z,z) 



can be solved for z, the map {z^w) ^ {f{z,w),g{z,'w)) = {zjw) becomes a 
two-dimensional canonical transformation (or symplectic map) with respect 
to the symplectic form 



the function H{z,z) being its "generating function". It is well known that 
this is a normal form of canonical transformations in a "general position" of 
the set of all canonical transformations. ([I]) can be thus rewritten as 



This is a Riemann-Hilbert problem of the standard form that characterizes 
the Lax and Orlov-Schulman functions of the dispersionless Toda hierarchy 
[9]. The aforementioned remark on canonical transformations with gener- 
ating functions imply that the non-degenerate solutions are indeed general 
solutions of the dispersionless Toda hierarchy. 

An advantage of (JTJ over ([2]) is that it is "solvable" in the following sense. 
The generalized string equations ([1]) can be converted to the infinite system 
of equations 



dz A dw 



dz A dw 



z 



z 



C{P) = f{C{P),MiP)), M{P) = g{C{P)M{P)). 



nt 



■n 



2m 



1 



i 



p\=i 



HMP),C{P))C{P)-^djr{P) 




(3) 



and 




(4) 
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for n = 1,2,.... Note that the contour integrals are analogues of har- 
monic moments; in the terminology of geometry, they are a kind of "period 
integrals". A fundamental fact [T3] is that the first set ([3]) of these period 
integrals give a system of local coordinates on the space of the pairs {C, C) of 
conformal maps. This implies that the "period map" (£, i-)- (t„ : n G Z) 
is (locally) invertible, and the inverse map and the second set Q of period 
integrals give a (unique) solution of the Riemann-Hilbert problem. Remark- 
ably, the -F-function, too, turns out to have a contour integral representation 

m- 

In the language of the universal Whitham hierarchy of genus zero, the 
dispersionless Toda hierarchy amounts to the case with two "marked points" . 
The general (M+l)-point hierarchy is formulated by M+1 pairs {za{p) ■, C,a{p)) ■, 
a = 0, 1, ... , M, of Lax and Orlov-Schulman functions. In the two-point 
(M = 1) case, these functions are connected with the Lax and Orlov- 
Schulman functions of the dispersionless Toda hierarchy as 

zo(p) = £(P), zi{p) = C{P)-\ 

Up) = M{P)C{P)-\ Clip) = -M{P)C{P), 

where the coordinates p and P of the Riemann sphere in both hierarchies 
are related as 

p = P + Ul. 

Thus the marked points P = oo, of the dispersionless Toda hierarchy cor- 
respond to the marked points p = oo, ui of the universal Whitham hierarchy. 
Bearing this interpretation of the dispersionless Toda hierarchy in mind, we 
turn to the M + 1-point case. 

This paper is organized as follows. In Section 2, we review the funda- 
mental structure of the universal Whitham hierarchy of genus zero. Building 
blocks of the hierarchy, such as the Lax and Orlov-Schulmann functions, the 
S'-functions, the i^-function and the generalized Grunsky coefficients, are 
introduced in detail. For technical reasons, the definition of the i^'-function 
in our previous work |10[ [TT] is slightly modified here, though this is not a 
serious problem. In Section 3, we formulate the Riemann-Hilbert problem 
that defines non-degenerate solutions. The basic setup is parallel to the 
formulation by the Madrid group O [6] . Our generalized string equations 
have M arbitrary functions Ha{z(), Za), a = 1,...,M, as functional data. 
As in the case of the dispersionless Toda hierarchy, these functions play the 
role of generating functions of two-dimensional canonical transformations. 
In Section 4, we generalize the period integrals ([3]) and (jl]) to the space Z 
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of (M + l)-tuples {za{p) : a = 0, 1, . . . , M) of conformal maps, and show 
that a half of them give a system of local coordinates on Z. This justi- 
fies the definition of non-degenerate solutions. Section 5 is an intermediate 
step towards the construction of the F-function. We present here a con- 
tour integral representation of the potentials (pai^L = 1, . . . , M, that show 
up in the Laurent expansions of the S- functions. These 0- functions are 
used in Section 6 for the construction of the i^-function. As in the case 
of the dispersionless Toda hierarchy, we define a set of auxiliary functions 
Ja,i{zo, Za), Ja,2{zo, Za), a = 1, . . . , M. These functions are used to express 
the F-function in terms of contour integrals. In Section 7, we illustrate the 
construction of non-degenerate solutions in a few special cases that amount 
to the examples studied for the dispersionless Toda hierarchy |13J. 

Acknowledgements This work is partly supported by Grant-in- Aid for 
Scientific Research No. 19104002, 19540179 and No. 21540218 from the 
Japan Society for the Promotionof Science. TT is partly supported by the 
grant of the State University - Higher School of Economics, Russia, for the 
Individual Research Project 09-01-0047 (2009). 

2 Building blocks of universal Whitham hierarchy 

In this section we review essential facts on the universal Whitham hierarchy 
of genus zero necessary for our later discussion, following our previous work 
[lO llllf] . The notations are mostly the same as [TOldl], except that, after the 
notation of the recent work [7] of the Madrid group, Greek indices a, /3, . . . 
range over 0, 1, . . . , M and Latin indices a,b, . . . over 1, . . . , M. 

Lax functions The Lax functions Za{p), a = 0,1,... , M, are functions 
with Laurent expansions of the form 

oo 

(5) 

Za{p) = + V Uai(j> - qaY^' (a = 1, . . . , M), 

^The authors of [10] sincerely apologize numerous typographical errors in the proofs in 
it, but the statements there are correct. The only differences from [10] are the definition 
of the _F-function (I29|l and, consequently, changes of several signatures in, e.g., (|32p . 
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in a neighborhood of p = oo and p = Qa, respectively. The coefficients 
Uaj {I'a = Uao) and the centers qa are dynamical variables. To consider 
a Riemann-Hilbert problem [SJ [6], we choose a set of disjoint positively 
oriented simple closed curves Ci, . . . , Cm that encircle qi, . . . ,qM counter- 
clockwise, and assume that the Laurent expansion of z^ip) converges in the 
inside Da of Ca and that the Laurent expansion of zq{p) converges in a 
neighborhood of p = oo and can be analytically continued, as a holomorphic 
function, to the outside C \ {Di U • • • U -Dj\/) of -Da's. 



Lax equations The hierarchy has M + 1 series of time evolutions with 
time variables ton, n = 1, 2, . . . and tan, a = 1, . . . , M, n = 0, 1, 2, . . .. The 
time evolutions of the Lax functions are defined by the Lax equations 

danZjsip) = {^an{p), ^/^(p)}, dan = d/dtan, (6) 

with respect to the Poisson bracket 

^^'^^ dpdtoi dtoidp ^'^ 
The Hamiltonians ^lanip) are defined as 

^On{p) = (2o(p)")(o flanip) = (^a (p)") („^<o) = 1,2, . . .) 

^ao{p) = -log(p - qa), 



(8) 



where ( )(o,>o) denotes the projection to non-negative powers of p, and 
( )(a,<o) the projection to negative powers of p — qa- In other words, 

zoipT = ^onip) + Oip'^) {p ^ oo), 

ZaipT = nanip) + 0{l) {p ^ qa) 

for n > 1. ftan{p) satisfies the dispersionless Zakharov-Shabat equations 

dpm^anip) " dan^^m{p) + {^an{p), ^I3m{p)} = 0. (10) 

As pointed out in [5], the dressing functions of the universal Whitham 
hierarchy have the following form: 

OO OO 

Mp) = ^y^o,jP'^, Mp) = ^Va,jip-qil^^y, (11) 
j=l j=0 

The following is due to [5j, Theorems. 
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Proposition 2.1. If {za{p) '■ a = 0, 1, ... , M) is a solution of the universal 
Whitham hierarchy, then there exists dressing functions ipaip) of the form 
(jlip . such that 



and 
where 



zo{p) =e^'^^^P^p, zaip) = e^''''^^P\p - (?f )-\ 

^an - Sao6niZi3{py^ (« / /3 and (/3 / or n 7^ 0)), 

QaO + log zo{p) (a ^ and /3 = and n = 0), 

^an — Za{p)^ {a = /3 and n ^ 0), 

QaO — log Za{p) (a = /3 7^ and n = 0), 



(12) 
(13) 



(14) 



and "Van is the right logarithmic derivative (cf. |^ Appendix A, Appendix 
A) defined by 



n=0 



(n + 1)! 



(15) 



In the above, q^\a = 1, . . . , M, are arbitrary non-dynamical variables. 
Without loss of generality, we set gi"^ = henceforth. 

Orlov-Schulman functions The Orlov-Schulman functions C«(p)j = 
0, 1, . . . , M are Laurent series of the form 



Up) = E ^^OnZoipT-^ + ^ + E ^0(p)-"-'^0n, 



n=l 

oo 



zo{p) 

taO 



n=l 

oo 



(16) 



Caip) = V nt,„Z,(p)"-l + ^ + V Za(p)^"-'T'an, 



n=l 



n=l 



where 



M 



^00 — — E iaO- 



a=l 



They satisfy the Lax equations 

danCpip) = {^an{p), C^ip)} 



(17) 
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and the canonical Poisson commutation relation 

K(p),a(p)} = l- (18) 
In terms of the dressing functions, (a are given by 



The canonical Poisson commutation relation (llSp is a direct consequence of 
the definition and the Lax equations (jl7p follow from (|14p . 

S-functions The 5- functions Sa{p), a = 0, 1, . . . ,M, are defined as po- 
tentials of 1-forms as 

dS^{p) = 9 + Ca{p)dzo,{p), (19) 

where 

oo M oo 

6* = E ^On{p)dton + E E ^an{p)dtan- 
n=l a=l n=0 

They have Laurent expansions of the form 

'5o(p) = E *On2;o(?')" + ioO log Zq{p) - ^ VOn, 



n 

n=l n=l 

oo CXI / N 

5a(p) = E ^anZaipT + *aO log Za(p) + 0a " ^ 

n=l n=l 



(20) 



Implications of S'-functions Let us define Saiz), a = 0, 1, . . . ,M, as 



oo 

Z 



So{z) = ^ tonZ"- + too log Z - ^ VOn, 

(21) 



n 

n=l n=l 



5'a(^;) = E + log 2; + </'a - E 

-1 1 ^ 

n=l n=l 

5q,(p) can be thereby expressed as 

5o(p) = Sq{zq{p)), Sa{p) = Sa(Za{p)). 



Moreover, the defining equations of Sa{p) imply the equations 

Ca{p) = S'^{Za{p)), 

where the prime denotes the derivative with respect to z, and 

^an{p) = danSp{z)\^^^^^^ , /3 = 0, 1, . . . , M . 

The former is just a restatement of the Laurent expansion of Ca{p)- The 
latter implies that ^an{p) can be written in several different forms as 



^On(p) = " 

zoip) 



m=l 

oo 



m 



don^b - donVhm, b = 1, . . . , M 



(22) 



m=l 



■E 

m=l 



m 



5abZh{pT + dan(f>b " ^ 

for n = 1, 2, . . ., and 



zbipY 



(23) 



m=l 



m 



-danVbm, b=l,...,M 



-logZo(p) - ^ daOVom, 



m=l 



m 



dab log Zb{p) + daQ4>b - V daQVbm, b=l,...,M. 

m 



(24) 



m=l 



In particular, since ^oi{p) = p, we have the identities 

p = Zo{p) - 2^ — OoiVQm, 



m=l 
oo 



m 



P = doih - doiVbm, 6 = 1, . . . , M, 

^ — ' m 



(25) 



m=l 



which imply that the inverse functions p = Pq{z) and p = Pb{z) of z = zq(p) 
and z = Zbip) are given explicitly by 



Po{z) = z-y^ ^oi^^Om = doiSo{z), 

m=l 

P6(2) = 5oi06 - doiVbm = doiSb{z). 



(26) 



m=l 
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Consequently, 

qa = doi4>a, ra = -dmVal- (27) 
Substituting p = pp{z) in 

leads to the Hamilton-Jacobi equations 

danSp{z) = ^o.n{dmSp{z)). (28) 



F-function The F-function is defined by the equation 

donF = VQn, danF = Van, n=l,2,... 



L , ^, . . . , 

a-1 



daoF = -(I)a + Y,tbolog{-1), a = l,...,M. 



(29) 



6=1 



The last part containing log(— 1) is slightly different from the definition of 
the Madrid group [6, 5j and the previous paper [10] of the first two authors, 
but this is due to arbitrariness of the F-function. With the F-function, the 
S'-functions can be written as 



So{z) = ^tonz'' + toologz - Do{z)F, 

n=l 

oo 

Sa{z) =^tanZ'' +taologZ + (pa - Da{z)F, 
n=l 

where Dq{z) and Da{z) denote the following differential operators: 

Do{z)=y~] don, Da{z)=y^ dan- 



Generalized Faber polynomials and Grunsky coefficients The Hamil- 
tonians f^anip) of the Lax equations can also be characterized by the gen- 
erating functions 



oo 

Po[z) -q sr^ z „ . . 
log = - > ^On[q), 



z — • n 

Z (31) 
q-Pa{z) ^ n f \ 

log = - >^ ^an[q)- 

q-qa 

n=l 
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The left hand sides of these identities are understood to be rewritten 

Po{z) - q , Po{z) , 1 /, q 
log = log h log 1 



and 

1 Q-Pa(.z) / Pa{z)-qa 

log =log 1 



q-qa V q-q, 

and expanded to power series of q and (g — ga)~^; respectively. 

The generalized Grunsky coefficients bambn = bbnam are defined by the 
generating functions 

^^^Po{z)-po{w) ^_ ^ 
z — w ^ 



OmOn ) 

m,n=l 

oo oo 



log^°^"^"/"^^^=-^^z-u;-»6, 



zw{pa{z) - pa{w)) _ ^ ^-m -n, 
'in — r ^ — * 



'Oman 

m=l n=0 

oo 



(32) 



li; — z 



amam 

m,n=0 



log = - 2^ Z "^W "^bambn [a^h). 

^"'^ m,n=0 

They are related to the F-function as 

damdiSnF = -bam/Sn («, = 0, 1, . . . , A^), (33) 

where 

{a<b) ^ (n/0), 

''^'"1-1 (a>6)' ''"'^"la^o (n = 0). 



3 Riemann-Hilbert problem and non- degenerate 
solutions 

Following the work of the Madrid group [S] [6] , we now formulate a Riemann- 
Hilbert problem. Choose a set of positively oriented simple closed curves 
Ci, . . . ,Cm and let Di, . . . , Dm denote their inside domains. The Riemann- 
Hilbert data consist of M pairs (/a, ga), a = 1, . . . , M, of holomorphic func- 
tions fa = fa{p, toi), ga = 5a(p,ioi) of p, toi (defined in a suitable domain) 
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that satisfy the conditions 



rr T dfa dga dfadga , . 

dp dtoi dtoi dp 

thus defining two-dimensional canonical transformations. The problem is 
to seek M + 1 pairs (zaip) , Caip)) i « = 0, 1, . . . ,M, of functions of p and 
* = {ton : n = 1, 2, . . .} U {tan '■ a = 1, . . . , M, n = 0, 1, 2, . . .} that satisfy 
the following conditions: 

(i) zo{p) and Coip) holomorphic functions on C \ {Di U . . . U Dm), 
zo{p) is univalent therein (in particular, Zq{p) does not vanish) and, as 
p — )• oo. 



zo{p) =p + 0{p ^) 

T,^"-l -L- 

zoip) 



Up) = Entonzoip)-' + ^ + Oip-'). ^^^^ 



n=l 

(ii) Za (p) and Ca (p) are holomorphic functions on Da punctured at a point 
Qa € Da, Za^{p) is Univalent on Da and, as p ^ Qa, 

Za{p) = ^^ + 0{1), 
P-Qa 

. (36) 

Caip) = ntanZaip)''-' + ^ + ^((p - g.)^). 

ga and are functions of the time variables to be thus determined. 

(iii) For a = 1,...,M, the four functions zq{p) , C,q{p) , Zaijp) , Qaijp) can be 
analytically continued to a neighborhood of Ca and satisfy the func- 
tional equations 

Za (P) = fa{zo (P) , Co ip) ) , Ca (p) = OaizQ {p) , Co (p) ) (37) 

therein. 

Functions Za{p) satisfying above conditions are solutions of the univer- 
sal Whitham hierarchy and Ca(p)'s are corresponding Orlov-Schulman func- 
tions, as is proved in [6j, Theorem 1. 

Note that formally we can prove the converse. Namely there exist 
Riemann-Hilbert data for each solution of the universal Whitham hierarhcy. 
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Proposition 3.1. Let {za{p) '■ ct = 0,1,..., M) be a solution of the uni- 
versal Whitham hierarchy, and (Ca(p) : a = 0, 1, ... , M) the corresponding 
Orlov-Schulman functions. For a = 1, . . . , M , there exist functions fa{p, toi) 
and ga{p,toi) such that 

Za =fa{zo, Co), Ca = ga{zo, Co) , (38) 

and 

{fa{P,toi),ga{P,toi)} = 1. 

Proof. This is tlie same as Propositions 4 and 5 of [5j, but let us prove it 
here in our language as in [9]. Given a solution {za{p) : a = 0, 1, ... , M) of 
the universal Whitham hierarchy, construct the dressing functions ^aip) as 
given by Proposition [2T1 (Recall that we have put q^^ = 0.) For any a, let 

fa{p,toi) = exp [-adipa{i = 0)) p, 
gaip,toi) = exp {-ad (fait = 0)) toi 



where t = t \ {toi}- Notice that 



Therefore, 



zo{p,i = 0) = exp (adv?o(< = 0)) p, 
Co{p,t = 0) = exp (adv9o(< = 0)) toi, 
Za^{v,i = 0) = exp (adv?a(* = 0)) p, 
aCa){p,i = 0) = exp {adipa{i = 0)) 



fa{z-\p,i = 0),{-4Ca)ip,i = 0)) 

=/o(^o(p,* = 0),Co(p,t = 0)) =p, 

Qa {z-\p,t = 0),i-zX){P,i = 0)) 

=50 {zo{p,i = 0),Co(p,< = 0)) = toi 



for any a. Now 



d 



dt 



l3n 



fo (ZO, Co) = |f^/3n, /o (^0, Co)} 



d 



dt 



l3n 



fa {Za \ -zlCa) = |f^/3n, fa {Za^,-zlCa) } 
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and similarly for go {zq, Co) and ga {z^ \ -^aCa) • Therefore, 



d 



dtp 

d 



■foizoXo) 



d 



dt 



■go (zoXo) 



t=0 



t=0 



dtp, 
d 
dT 



I3n 



'fa {Za , ^aCa) 
'9a {Za ) ~ZaCa) 



t=0 



t=0 



In the same way, one can show that 
d d 



d 



dtf 



-foizoXo) 



ini 



t=0 



d 



dt/B^n 



-9oizo,Co) 



d 


d 


fa {Z-' 






d 


d 


9a {Za ^ 




dt/Sj^m 



t=0 



4Q 



^^Pkrik ^^pmi f=o ^"Pkn-k ^^p\n-i t=0 

These show that 

fo {ZO, Co) = fa (^a \ -^aCa) 90 (^0, Co) = 5a {z^^ , -Z^Ca) ■ 

Notice that by definition, 

|/o(p,ioi),5o(p,ioi)} = 1, |/a(p,ioi),5a(p,ioi)} = 1- 
One can solve the equations 

fo{P, toi) = fa {P~^, -fioi) , go{P, toi) = ga -P^^Ol) , 

for p and toi ) which gives 

P = fa{p,toi), ioi = ga{p,toi). 
This implies psp . It is also straightforward to show that {fa, da} = 1- D 

We now specialize the Riemann-Hilbert problem to the case where the 
canonical transformations are defined by generating functions Ha{zQ, Za), 
a = 1,...,M. The generating functions are assumed to satisfy the non- 
degeneracy conditions 



Ha,zoZaizo,Za) + 0. 



(39) 



Accordingly, the functional equations (j37j) connecting the four functions 
-2^o(^')) Co(p)5 -2a(p), Ca(p) are converted to the generalized string equations 



Co(p) = iia,za{zQ{p),Za(j))), Ca{p) = -Ha,Za{zo{p), Za{p)). 



(40) 
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Existence of such generating functions Ha under the assumption of non- 
degeneracy of /a's: 

can be proved as in [13], §3.4. In fact, under the assumption (jH]), we can 
solve the equation Za = fa{zo, Co) to obtain 

Co = Aa{zo,Za). 

Equivalently, 

Za = fa{zo,Aaizo, Za)). (42) 

Define Ba{zo,Za) so that 

Ca = Ba{zo, Za) = ga{zo, Aa{zo, Za))- (43) 

Differentiating with respect to zq and Za and with respect to zq, 
we find that 

_afa 






dfa 1 dfadAa 

dzo dCo dzo 


^ dAa 
dzo 


1 


dfa dAa 

dCo dza 


dZa 


dBa 


_dga J dgadAa 


^ dBa 


dzo 


dzo dCo dzo 


dzo 



1 



Oga dzo 



dzo dCo^ If 

Hence we have dz^Aa = —dz^Ba^ which imphes that there exists Ha{zo,Za) 
satisfying ()iO]l and (f39D . 

Our goal in the following is to solve the generalized string equations ()40p 
in the language of geometry of the space 

Z := {{zaip) : a = 0, . . . , M) \ properties of Za{p)^s in (i), (ii)} 

of the M + 1-tuple of functions Za{p), a = 0, 1, . . . ,M. This enables us 
to understand the universal Whitham hierarchy as a system of integrable 
commuting flows on Z, just as achieved in the case of the dispersionless 
Toda hierarchy [13j . 
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To this end, we define the functions ton, too, von {n = 1,2,...) and 

tan,taO,Van (o = 1, . . . , M, n = 1, 2, . . .) On Z aS 



nton = ^Y^f Ha,z„{zo{p),Za{p))zo{p) "'dzo{p), 
a=l -^C*" 
M ^ 

t00 = ^Y~. j) Ha,zo{zoip), Za{p))dzo{p), 
a=l ■^C'a 
M ^ 

^2~~ f ^"'^o(^o(p),2a(p))2:o(p)"c?^;o(^') 



(44) 



M 

VOn 



and 



ntan = 77— f Ha,zAzo{p), Za{p))Za{p) "d^a(p), 

iaO = ^j|^ ^^a,^„(^0(?'),2a(?'))d2a(p), (45) 
Van = 7^ f Ha,Za{zo{p),Za{p))Za{p)'"'dZa{p). 

'Ca 



2m 



This is just a restatement of the string equations ([ID]), too and tao's are 
automaticahy constrained as 



^00 — — ^ t 



oo 

^aO- 



a=l 

The contour integrals on the right hand side of (j44p are derived by continu- 
ously deforming a simple closed curve Coo encircling p = oo and separating 
it from all DaS. Notice that since Za{qa) = oo, Za{p) maps the inside of Da 
onto the outside of Za{Ca)- Therefore, 

Za{p)"^Za{p)dp = -(5m -1- 

Ca 

In the next section, we shall reconstruct danS as globally defined vector 
fields on Z, and show that tanS may be thought of as "dual" (local) coor- 
dinates on Z with respect to these vector fields. This is the same geometric 
situation as observed in the case of the dispersionless Toda hierarchy |13| - 
The universal Whitham hierarchy is thus realized as a system of commuting 
flows on Z. This geometric setting can be cast into the usual setting in the 
t space by the inverse of the period map {za{p) : a = 0, 1, . . . , M) i-^ t. The 
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functions Za{p) and Ca{p) on Z are pulled back by this inverse period map 
to become a solution of the string equations (j40p . hence a solution of the 
universal Whitham hierarchy. 

The S-function (in particular (pa) and the F-function, too, can be pri- 
marily defined as a function on Z, then pulled back to the t space. We shall 
discussed this issue in later sections. 



4 Construction of vector fields daii on Z 

Following [13], we reconstruct danS as vector fields on Z. 

Theorem 4.1. // the vector fields don (n = 1,2, . . .) and dan (a = 1, . . . , M , 
n = 0, 1, 2, . . .J on Z satisfy the equations 

4iP) ^oiP) z'Q{p)zl{p)Hb,zozSMp),Zbip)) 

on Cb for b = 1, . . . , M , where the primes denote the derivatives with respect 
to p, then they act on tp^ (m = Q,l,2, . . . ) as 

dantpm = ^aP^nm (47) 

and on VjSm (m = 1,2, . . . ) as 

{-nmhaniim {n^Q) 

danVl3m = { , / ^^ ^^^^ 

[ -mbao/sm in = 0) 

Remark 4.2. (j^7|) implies that ton's may be thought of as a system of local 
coordinates on Z. (jiSj) shows that the vector fields dan correspond to the 
time evolutions of the universal Whitham hierarchy. 

Remark 4.3. 9q„z^(p)'s are uniquely determined by Though this is 

an implication of ()47p and (j48p . one can directly confirm it as follows. Let 
Zb{p),Z{){p) and Wb{p) denote the three terms in (jl6l) . Consequently, they 
satisfy the equations 

Z,{p) - Zoip) = Wbip) (49) 

for b = 1,...,M in a neighborhood of Cb- As holomorphic functions, 
Zi,{p) , Zq{p) are extended to Dh and CP^ \ {Di U • • • U Dm) respectively, 
and behave as 

Zb{p) = 0{l) ip^qb), Zo{p) = 0{p-') (p^oo). 
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One can decompose Zo{p) in CP^ \ {Di U • • • U Dm) as 



^o(p) = Zoa{p), Zoa{p) = 77-/ ^^^dq. 

Zoa{p) is a holomorphic function in CP^ \ Da, 0{p^^) as p ^ 00, and can 
be continued to a neighborhood of Cq by deforming the contour Ca inward. 
The foregoing equation for Z^{p) and Zq{j)) can be thereby rewritten as 



- ZUV) - Zobip) = Wbip). 

a^b J 

One can consider this equation as sphtting Wb{p) into a sum of holomorphic 
functions Wi,+ {p) and Wb^{p) defined in D^ and in CP^ \ Df,, respectively. 
In particular, 

Zobip) = -Wh.{p) = <f ^^dq (peCP'^D,), (50) 

27rz /c, p-q 

hence 

^o(p) = -V-^/ ^^^dq {peCP'^{DiU---UDM)). (51) 
^ Jc^ p-q 

One can find a similar integral formula for Zf){p) as well. 
Proof of Theorem \4-l\ Let us first consider the action of dan on 
M ^ 

W = X]^~~f ^^b,2o(^o(p),^fe(p))2:o(p) ™Zo(p)dp. 



b=l 



Applying 9q„ to the integrand, we have the identity 

dan {Hb,zo(.Zo{p), Zb{p))zo{p)~"'zQ{p)) 

d 

= {Hb,zo{zo{p),Zb{p))zo{p) ""danZoip)) 

+ Hb,zozi{zo{p),Zb{p))Zo{p)Zf,{p) y-^fjp^ zl^W J 

= ^ {Hb,zoizoip),Zb{p))zoip)-"'danZoip))+n'anip)^oip)-"'. 
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Note that we have used the assumed equation (jlG]) in the last line. Conse- 
quently, 

M ^ 



6=1 " ■^'^i 

1 



2'Kim Ir 



by deforming C^'s to a simple closed curve Coo encircling p = oo. 

On the other hand, one can deduce from (j3ip and the first and the 
second equations in (|32]) (and the symmetry of bcm/Sm) the following Laurent 
expansion of J7a„(p)'s with respect to zq{p): 



m=l 

oo 

^an{p) = nhanOmZoip)""^ {n > 1), (52) 

771=1 

OO 

^ao{p) = -log^o(p) + Y ^iOOm2o(p)^™- 



m=l 

Inserting the derivatives 

oo 

%nip) = nzoip)'"'^ z'oip) - Y nmbonOmZoipy^'^ZQip), 

m=l 

oo 

^'aniP) = -Y nmhanOmZo{p)~"'~^ Zq{p) (n > 1), 
m=l 

KoiP) = - E ^baO,mZ,{p)-'^-'z',{p) 

^^^P> m=l 

into the contour integral, we readily obtain (|47p for /3 = 0. 
In the same way, the action of dan on 



M 



can be expressed as 



M ^ 

Yy~- f ^b'^o{Mp)^Zb{p))zb{pTz[{p)dp 
, , 71"^ JCb 



danVOm = ^ j> ^'aniP)zo{p)"'dp. 



2m 



Coo 



20 



This contour integral, too, can be evaluated by the foregoing Laurent ex- 
pansions of W^^{p). We can thus derive (08]) for /3 = 0. 
Let us now consider the action of dan on 



'Ct 



2'Kim 



^60 = 77- / Hb,z,(.zo{p),Zb{p))z'f,{p)dp, 



1 



2TTi 



Vbm = 7r- / Hb^zi{zQ{p),Zb{p))zb{pY'z'b{p)dp 



As in the previous case, we can deduce that 

^'an{p)zb{w)~'^dp, 





- ' i 


2'Kim /, 


dantbO = 






dantbm — 




--i 



(53) 



We can now use the fohowing Laurent expansion of Oan(p)'s with respect to 
Zh{p) derived from (f3T]l and the second, third and fourth equations of (l32]l : 



^Qn{p) = ^ nbonbmZb{p) 
m=0 

oo 

^an{p) = SabZbipT + J2 '^^anbrnZbip)'"^ , {n > 1), (54) 
^ao{p) 



m=0 

- log eba + Em=0 baObrnZbip)'"" {b 7^ a 
log Zaip) + E-m=0 baOamZaip)'"^ {b = a 

Inserting their derivatives 



^On(p) = - X] '^^bonbmZbip) " 
m=0 

00 

^an(p) = SabnZbipT"'^ z'bip) - ^ nmbanbmZb{p)~'^~^ z'b{p) [n > 1), 



m,=0 



^lo(p) = Sab^^J^ ~ ^ nT-baObrnZbip) ™ 

into the contour integrals (j53p . we can confirm the remaining parts of ()47p 
and (I48p . This completes the proof of the theorem. □ 
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5 Construction of 0a's 

We construct the Phi functions a = 1, • • • , M, as fohows: 

M M oo a-1 

+ Y.tbo log(-l) 

b=l 7=0 m=l 6=1 

M 



fe=l 

Proposition 5.1. The function (pa defined by (I55p satisfies 

d,n(Pa = l''^^'''" (56) 

+ (n = 0) 

Proo/. 

/ Hb{zo{p),Zb{p)) 



'I3n 



V P-Qa 



Hb,zo{zo{p),Zb{p)) r. , . . Hh,z,{zo{p),Zb(p)) 

-OpnZoip) H — OpnZbVP) 



P-Qa P-Qa 



Therefore, 

5/3n</'a = Ti(/3,n) + T2(/3,n) + 

where 



Hbizo{p),Zb{p)) 

H 7 To C/3n Qa ■ 

[P - QaV 



nbao/^n, {ri ^ 0) 

&aO/30 + logea/3, (n = 0) 



J\f M CXD 

2^1 n) = ^ tbodjSnbaObO + ^ ^ mt^md/Snb-ymaO 
6=1 7=0 m=l 

oo M / oo N 

= ^ rntomdi3nbomaO + ^ I hod^nbaObO + ^ "l*6m<9/3n^6maO 
m=l 6=1 \ m=l y 

and 

N 1 / f Hb,zo{zo{p),Zb{p)) 

triJctK P-Qa 



6=1 

, Hb^z^{zo{p),Zb{p)) ^ Hbizo{p),Zbip)) , 

P Qa [P Qa) 
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The goal is to show that Ti(^,n) + T2{P,n) = for all {P,n). By the 
definition of tom, we have 

oo 

mtomdlSnbomaO 

m=l 

= Y~-^f Hb,zo{zo{p), Zb{p))zQ{p) I ^ d^nbomaOZoip)"'^ 1 dp. 
6=1 •^C'i' \m=l / 

Differentiating 

CO 

- ^Og{p - Qa) = ^ao{p) = - log Zo{p) + ^ WaO^olp)""" 

m=l 

with respect to we have 

J oo 

1 °° A 



zo{ 

'tn=L 

11 

m=l ^OWP la 



Therefore, 



oo 111 

P la Zq[P)P Qa 



and 

M 



m=l fe=l -^^b 



X ( <9/3n9a + 9^n^;o(p) ) C^P 

\p-qa z'Q{p)p-qa ) 

1 / ( Hb,zo{zo{p),zi,{p))z'Q{p) 
27r« ^ /Cb V P-Qa 

H ^ dpnZoip) dp. 

P-Qa J 
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In a similar way, the definition of t^m gives 

oo 

= ^ Hb,zi,{zo{p),Zi,(p))z'^{jp) { ^ di3nhbmaQZh{jpy"^ \ dp. 



Differentiating 



■ log(p - qa) = ^ao{p) = Sab log Zb(p) + ^ bbmaOZb{p) - log Cba 



m=0 



with respect to t/Sn and comparing it with fl'^gij)), we find that 

^ oo ^ ^ 

d/SnQa = X] 9^nbbmaOZb{p)~"^ - -TTT dpnZb{p)- 

P la Zjj\J)) p Qa 

Therefore, 

oo 

Tfltbm djSn bbmaO 

m=l 

r / Hb,Mp),zb{pM{p) ^ g,.,(.o(p),..(p)) \ 

Therefore, 

ri(^,n) + r2(^,n) 
1 / Hb,zoizo{p),Zbip))z'Q(j)) 



, Hb,z,{zoip),Zbip))z'^ip) Hb{zoip),Zb{p)) ^ , 

H O/Snqa x2 "/3nqa ] uP 

P Qa [P Qa) 



„— > ^ dp X d/)nQa = 0. 

27rz fr[Jctdp\ P-Qa ) 



This completes the proof. □ 
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Define 

0-1 



VaO = - 4>a + '^ ho log(-l) 
b=l 

M M oo 

= — ^ hobaObO — ^ ^ mt^rnbaO-rm 
b=l 7=0m,=l 

frf /c. P - 9a 



Then (|56|) implies that 



-baopo, {n = 0) 



6 Construction of the free energy F 

Let Ja,i(-Z0) -2a) and Ja,2{zo-,Za) be defined so that 

- dzaJa,l{zo,Za) = Ja,2 (^0 , ^a) = Ha{zQ, Za)Ha,zoZa{zO, Za) 

We construct the F function as follows: 

M , M oo 



a=l Q!=On=l 

+ f {'^a,l(2o(p),2a(p))Zo(p) + >^a,2(zo(p),2a(p))4 

a=l •^C'a 



Proposition 6.1. The F function defined by ([601) satisfies 
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Proof. A direct computation shows that 

dl3n\^Ja,l{zo{p), Za{p))zQ{p) + Ja,2{zo{p) , Za{p)) z'^ (P)} 
= ^\^Ja,l{zo{p), Za{p))di3nZ0 + Ja,2 (^0 (p) , (p))^/?™^^ | 

- 2Ha{zo{p), Za{p)){di3nZa{p) z'oip) - z'J^p) (9/3n^o(p)) 
= ^|-^a,l(^o(p),^a(p))9/3„2;o + '/a,2 (^0 (p) , ^^a (p))9/3n2a } 

-2Ra{zQ[p),Za[p))^fi^[p) 



by using the definition of the vector field (146p . Hence, 
where 

M A/ oo 



/l(/3, n) = ^ + - ^ taodpnVaO + 2 XI X] ^^^^Pn'^ 
a=l a=Om=l 

1 r 

/2(/3,n) = -—^j Ha{zoip),z,{p))n'^^{p)dp. 



a=l 

Now if n 7^ 0, integration by parts shows that 

M 

M 



I2{f3,n)=-^f2f Ha{zo{p),Za{p))%Mdp 

^ X f ^«.^o(^o(p), Za{p))z'Q{p)VLpn{p)dp 
a=l •'^'^ 

+ ^ X f Ha,zAzo{p), Za{p))z'a{p)^pn{p)dp. 
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a=l ■ 



If (3 = 0, the first equation in ([52]) and the first equation in (fM|) show that 
1 ^ / 

a=l 

X I Zo{pT + bomOnZoipy^ 1 dp 

\ 1X1=1 J 

1 ^ / 

+ 4~2^J^ ^^a,^a(20(p),2a(p))4(p)x 
oo \ 

X 1 n ^ 

"Onam 
m=0 / 

m=l 
^ M oo 

+ ^ ^ ^ nmbonamt 
= 1 m=l 

a=l a=0 m=l 

by the definition of tan USD and actions of dan 

on f^j72 (|48| I58p . There- 
fore, 

donF = h{0,n) + /2(0,n) = von- 
If /3 = 6 7^ 0, n 7^ 0, the second equation in (j52]) and the second equation in 



VOn , 1 

+ 2 Z-„ '''^'"if'OmOnlOm i" ^ Z-„ '^'-"OnaOEaO 
m=l a=l 

M oo 

2 

a=l m=l 

A/ , A/ oo 
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show that 

M 



h{b,n) =^X^ / Ha,zo{zo{p),Za{p))z'o{p): 

a=l •''^a 



oo 

X I n 

m=l 

M 



m=0 

M 

m=0 a=l 
A/ oo 

2 

a=l m=l 

Af , M oo 



X] ^fenOm^o(p) " j dp 
m=l ) 

OO \ 

{pT + nY. "bnam Za 

(p)— dp 
m=0 / 

- ^ nmbbnOmtOm + + ^ nbbnaota 

m=0 
^ A/ oo 

a=l m=l 

2" ~ 2 ^ taodbnVaQ — ^ ^ tamdbnVa 
a=l a=0 m=l 

again by dH US]) and (gSl ES]) • Therefore, 

OtoF = n) + 12(6, n) = Ufon. 
Now if /3 = 6 / 0, n = 0, we have 

= ^• 

P-Qb 

Therefore, 

1 ^ /• 

^2(6,0) = -^5^ f Ha{zo{p),Za{p))nMdp 

1 Cn 



Vb. 



1 

— y 



Ca 

Ha{zo{p),Za{p)) 



M 

dp. 



47ri ^ /ca - 
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On the other hand, 

M M oo 



0) =^ + ^ ^ taodboVaO + ^^^ tamdbOV, 
a=l a=Om=l 
^ M ^ M oo 

= -;^ ^ taobaObO — ^ ^ mtambam 



2 2 ^ " ^ " 2 

a=l a=Om=l 



by dMEHj). Hence, 

/i(6,0) + /2(6,0) 



^ M ^ M oo 

VbO 1 



taobaObO — ^ ^ rntambambO 



2 2 ^ 2 

a=l a=Om=l 

^ /c. P- lb 

VbO . VbO 



because of ([571) . This completes the proof. □ 

This proposition and the definition of Vao (|57p shows that the F function 
indeed satisfies (f29]) . 

7 Special String Equations 

In this section, we consider the special case where the generating functions 
Ha{zo, Za), a = 1, . . . , M, have the form 

Ha{zo, Za) = ^o"^'" > '^0, G N, 

so that the string equations (l40]l become 

Co{v)=^ozo{pr-^za{pr% 
uv) = -^azo{prza{pr-^ 

for p G Ca- These string equations were discussed in [6]. ^From (IHTI) and 
([16]), we have 

oo oo 
UoZoipr^'zaipr = E ^*0n^0(p)"-' + ^ + E ^o(p)-"~'^^On, 

, (62) 

-l^aZoiprZaip^-' = T ntanZaipT-^ + ^ + E ^a(P)"""'^an 
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for p & Ca- The definitions of tan and Van (j^^ and (jl5|) then become 

M 

a=l •^C'l 
M „ 

a=l •^'^'^ 
M 

a=l -^C"" 

and 

The functions Ja,i(2;o; -^a) and Ja,2izo,Za) ([59]) can be chosen to be 

Ja,l\ZQ-,Za) — —Zq Z^ , J a,2{ZQ, Za) — — Zq Z^ 

The free energy ()60p then becomes 

Af , A/ oo 



r?/ — 


2m , 


t 

JCa 


taO = 






2m . 


/ 

JCa 


Van — 






2m . 


/ 

JCa 



a=l a=0 n=l 

M „ 

-^^^ Zoipf^^'-^Zaipf^dz^ip) 
A/ 

i 

+ 



a=l "^"^"^ 
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Using ([62]) and (IMl), we find that 

M 



f2 f Zoipf'^'^-'zaipf'^^dzoip) 
a=l '''^a 

1 r 

T-Y.f hzoipr^'zaipD ZoiprZa(prdzo{p) 
a=l •^C'a 

A / „ / oo oo N 

- E £ E "'o.-oip)"-' + + E --o(p)-"-'"o» 

a=l-^'~-o. \n=l ^^^^ n=l / 



IGvri 



(66) 



X ZQ{pY''Za{pY"'dZQ{p) 



8i/o 

Similarly, one can show that 
1 



167ri 



VaZQ(j>f''''Za{pf^^-^dZa{j>) = " — ( 2 ^ nianVan + 4 | • (67) 

Ca 



1 f 

V n=l 



Therefore, the free energy is given explicitly by 

1 /.2 +2 \ 1 M Af oo . , 

^ + E ^ + iE'.o- ^ 1 EE - 2=: 

\ a=l / a=l «=On=l ^ ' 
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